The fuzzy linear regression (FLR) modeling was first proposed making use of linear programming and then followed by many improvements in a variety of ways. In almost all approaches changing the meters, objective function, and restrictions caused to improve the fuzzy measure of efficiencies (FMEs). In this paper, from a totally different viewpoint, we apply shrinkage estimation strategy to improve FMEs in the FLR modeling. By several illustrative examples, we demonstrate the superiority of the proposed estimation method. In this respect, we show fuzzy shrinkage estimates improve FMEs estimation dramatically compared to the existing methods.
Introduction
The fuzzy linear regression (FLR) was introduced by [1] , for the first time in 1982. This approach was an extension to the classical linear regression modeling and developed by several researchers in subsequent years from possibility view point [2, 3, 4, 5, 6] . On the other hand, using least squares theory [7] and then [8] proposed another proposal of a different FLR modeling, called the fuzzy least squares regression. In 1991, Savic and Pedrich [9] proposed the idea of two-stage methods, a combination method, in order to increase the efficiency of the Tanaka's approach by combining possibility and least squares view points. In the process of analyzing numerous problems in the study of FLR modeling and inspired by the methods used in classical regression, innovative methods such as robust methods [10, 11] , bootstrap resampling [12, 13] and etc. were also used to increase efficiency in FLR models. All of these approaches and perspectives were based on goodness of fit (GOF) criteria.
In this respect, the estimation of fuzzy regression parameters is of main importance, since the estimates will be used in the goodness of fit measures and prediction accuracy of the underlying model. Hence, improving estimation, in a direction of improving prediction or either goodness of fit, is very important. One approach of improving the estimation in this direction is to reduce the mean distance error (MDE) of estimation by shrinking.
Suppose the random vector X of dimension p, has p-variate normal distribution with mean µ = (µ 1 , µ 2 , . . . , µ p )
Definitions & Concepts
This section briefly reviews several concepts and terminologies related to fuzzy numbers and structure of JS.
Fuzzy preliminaries
Let χ be a universal set. A fuzzy set of χ is a mapping A : χ → [0, 1], which assigns a degree of membership 0 ≤ A(x) ≤ 1 to each x ∈ χ. For each α ∈ (0, 1], the subset {x ∈ χ| A(x) ≥ α} is called the α-cut of A and is denote by A α . The set A 0 is also defined as equal to the closure of {x ∈ R| A(x) > 0}. Let R be the set of all real numbers. A fuzzy set A of R is called a fuzzy number if it satisfies the following two conditions:
1. For each α ∈ [0, 1], the set A α is a compact interval, which will be denoted by
2. There is a unique real number
The set of all fuzzy numbers with continuous membership functions is denoted by F (R). Notably, the most commonly used type of fuzzy numbers in F (R) is the socalled LR-fuzzy numbers denoted by A = (l A , m A , r A ) LR , l A , r A > 0, where m A , l A and r A are center, left spread and right spread of the LR-fuzzy number respectively.
The membership function of an LR-fuzzy number A is defined by:
where L and R are strictly decreasing functions from [0, 1] 
For example special type of LR-fuzzy number is the triangular fuzzy number (TFN) with the shape functions 
.
For more details refer to [16] .
Fuzzy Stein-type shrinkage estimation
In statistical inference, one of the most important criteria for performance analysis of an estimator is the mean squared error (MSE). When estimators are unbiased, we will achieve the goal by minimizing the estimator variance, and in fact, the calculation will be simpler. However, there are non-market estimators that have the above-mentioned criterion less than the unbiased estimators [17, 18] . One of these estimators is the Stein-type shrinkage. For each of the fuzzy regression model, in this section, we define the Stein-type shrinkage estimator.
. . , n be fuzzy observed responses and (X i1 , X i2 , . . . , X ip ), i = 1, 2, . . . , n are real independent variables from fuzzy regression model as follows:
where
. . , p, are model coefficients. Now, ifÂ j represent the fuzzy estimate of the coefficient A j in then, its Stein-type shrinkage estimate is given byÂ
and k > 0 is the shrinkage coefficient (tuning parameter). An important point in the proposed estimator is that, with increasing the k, initial estimator coefficient in Eq. (6) 
3 Fuzzy GOF Measures
In this paper, some fuzzy measure of closeness are used for evaluating the performance of a FLR model. Let,
th LR-fuzzy observation and estimation numbers, respectively. In sequel we give some well-known fuzzy GOF measures which we will be used in comparing the performance of our proposed method with others.
I. Sadeghpour and Gien measure: [19] ) we have:
II. Hassanpour et al. measure: [20] 
III. Kelkinnama and Taheri measure: [21] 
Where, w r =
Which is for triangular fuzzy numbers:
Numerical Demonstrations
In this section, we provide some numerical illustrations to compare the performance of the proposed Stein-type shrinkage method with the existing ones in the literature.
Example 1. Table 1 contains real data (Dataset 1), which was first used by [22] . This Dataset, which is related to a study on the cognitive response time of a nuclear power plant control room crew to an abnormal event, consists of crisp input and symmetric triangular fuzzy output. This Dataset is also analysis by [21] . Indeed, they illustrated their model smaller D LR give by Eq. (11) compared to [23] . Here, we show if we use the Stein-type shrinkage estimate Eq. (6) for centers and its positive-part in Eq. (7) for spreads, then we obtain smaller D LR values compared to [21] , dominating all other abovementioned works. (6) and (7), the fuzzy regression models are given by (13a) and (13b). Here, ⊕ and ⊙ are the specific fuzzy sum and product definitions used in [21] . The fuzzy GOF measures are tabulated in Table 2 . According to the Table 2 , result of the D LR for the shrinkage method is smaller than [21] . In addition for the shrinkage constant in the boundary (0, 0.0308], termed as the optimal boundary, the proposed method is still superior. Note that k = 0.0044 is the value for which D LR has the smallest value.
Example 2. Here, in Table 3 (Dataset 2), the data used by Tanaka et al. [24] .
In this example, we want to demonstrate the effects of the suggested methodology on innovative techniques. Therefore, using the Bootstrap method in least square view, we obtain the estimated responses and corresponding contraction values for them under the suitable k-value. Then we compare the results of two approach in Table 4 . In this example, using the dataset 2, we want to show the effect of improving the our method versus the Boot technique. So, the models derived from these two techniques will be as followŝ [12] 6.06747 Shrinkage method 5.85522
According to the Table 3 , result of the D LR for the shrinkage method is smaller than [12] and addition for the shrinkage constant in the boundary (0, 0.2138]. The optimal boundary, the proposed method is still superior. Note that k = 0.0972 is the value for which D LR has the smallest value.
As can be seen from the results of Table 4 , while the boot method is one of the most powerful methods for estimating regression model coefficients in low-volume, high-performance samples, but the use of JS method leads to a decrease in D LR criteria and efficiency The model rises.
Example 3. Consider the cheese data in Table 5 (Dataset 3) . This data is presented based on the quality of cheese tasting as a response variable, which is evaluated by a specialist. To generate the fuzzy triangular response, we add 15% of the center points to the spreads. The explanatory variables are acetic acid (Acetic), sulfuric acid (H 2 S), and lactic acid (Lactic). Here, we follow the method of [26] . The fitted fuzzy regression models based on least squares and shrinkage methods are given by (15a) and (15b), respectively. 
Result of comparison between the shrinkage method with [26] are summarized in Table 6 . Here, we used the fuzzy GOF measures of [19, 20, 21] . According to Table 6 , result of value of the GOF measures for all show that the shrinkage method is superior to [26] .
Example 4. In this example (Dataset 4), we will examine another form of FLR models. The data is taken from [2] and the FLR moder has form
. . , n are fuzzy output and input observations. This data has been examined and modeled by [6] . In order to distinguish between methods, we present the model estimated by [6] withŶ i , and the corresponding contraction model withŶ
Result of comparison between the shrinkage method with [6] are summarized in Table  8 . Here, we used the fuzzy GOF measures of [19, 20, 21] . According to the results of Table 8 , our shrinkage approach is superior.
The results of Table 8 show that using the our method, all of our contiguity criteria for two fuzzy numbers, with high accuracy in [6] , have been reduced. It should be noted that the positive effects of this method are calculated with a small cost. In addition, this method allows a specialist to have a set of points. Reduced to two fuzzy numbers with high accuracy in shrinkage method. It should be noted that the positive effects of this method are calculated with a low-cost. In addition, this method allows a specialist to have a set of points.
Conclusions
In the present work, we incorporated a prior knowledge embedded in the shrinkage strategy in the FLR modeling to improve the GOF measures. In other words, we allowed the fuzzy estimates (obtained from any fuzzy method) be shrunken toward the origin and specifically we used the Stein-type shrinkage estimator for the center points and its positive part for spreads of the fuzzy estimates. The reason we used the positive part estimator is the spreads must be positive.
According to illustrative examples, the proposed method works will in the sense of providing smaller distance measures. The computational cost of this method is fairly small and is of the same order as original fuzzy estimates.
Another benefit of the proposed approach is the optimal boundary for the shrinkage constant. As we shrink the spreads they become smaller, however, specialist may desire to have spreads with some actual size. Optimal boundaries allow the specialist to select a shrinkage constant which still serves the superiority, but with satisfactory spread.
For future directions, first we point that the proposed method is very flexible and allows the specialist to use the shrinkage method on each of the center, left spread or right spread according to the usage, separately or simultaneously. Hence, for further work, one may extend our results for the case where the specialist wants to shrink the estimates towards an initial guess, for practical purposes. Further, our proposed method can be extended for LR fuzzy number and FLR models with error term (see [27, 28] for details).
